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ABSTRACT
The existing approaches for coupled flow problems with material point method are using explicit time integration. This paper
presents a material point method with implicit time integration for solving large deformation coupled flow-displacements
problems. The method uses an iteratively coupled approach that splits the fully coupled system into two parts which can be
solved by separate solvers. In this paper, the material point method solves the momentum equation, while the finite volume
method solves the fluid mass equation. The method is used to model a coupled flow large deformation example of the bending
of a poroelastic beam.
KEY WORDS: Material point method; large deformation; implicit time integration; soil-water interaction; saturated

porous media.

INTRODUCTION
Several approaches for solving coupled flow-displacements problems with the material point method (MPM) have
been developed. Examples include: The 1-point velocity formulations for saturated conditions ( Jassim, Stolle and
Vermeer, 2013) and unsaturated conditions ( Yerro, Alonso and Pinyol, 2015); The 2-point formulations ( Zhang
et al., 2008; Abe et al., 2014; Bandara and Soga, 2015), where the water and solid phases have separate sets of
particles; and the coupling of MPM with the finite difference method ( Higo et al., 2010). All of the abovementioned approaches use explicit time integration.
Explicit time integration is suitable for high-velocity problems and problems where all stress waves are needed.
However, implicit time integration is considered more accurate for slower types of coupled problems ( Sheng and
Sloan, 2003; Wang et al., 2016). There exist several implicit time integration approaches with single-phase MPM
( Guilkey and Weiss, 2003; Sulsky and Kaul, 2004; Love and Sulsky, 2006; Wang et al., 2016). Although the
quasi-static implicit MPM of Beuth (2012) tracked excess pore pressures, the method was undrained and did not
consider the dissipation process. To the authors’ knowledge, coupled analysis is not widely done together with
implicit time integration in MPM. This paper aims to provide an approach for modelling of coupled flowdisplacements problems with large deformations, that uses implicit time integration.
The approach of iterative coupling of the displacements and the flow has been in use for some time in the field of
reservoir engineering ( Fung, Buchanan and Wan, 1994; Settari and Mourits, 1998; Minkoff et al., 2003; Kim,
2010). With iterative coupling, the displacements and flow can be solved by their own separate solver. One
variable is kept constant while solving for the other, and then the updated variable is kept constant while the first
is updated. This is done iteratively until convergence. The accuracy is equal to the traditional fully coupled
approach ( Settari and Mourits, 1998; Mikelić and Wheeler, 2013; Mikelić, Wang and Wheeler, 2014). The finite
element method (FEM) as the mechanical solver has been coupled with the finite volume method (FVM) as the
flow solver by for instance ( Dean et al., 2006; Phillips and Wheeler, 2007; Jha and Juanes, 2014). FEM and
MPM share several properties, and therefore this coupling approach is feasible for MPM too. This paper will
adapt the implicit iteratively coupled approach for MPM and FVM for saturated soils, and apply it on a
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poroelastic beam.
FORMULATION OF THE ITERATIVELY COUPLED MATERIAL POINT METHOD
Governing equations
The iteratively coupled implicit MPM uses a quasi-static 𝐮-𝑝 formulation in this paper, with displacements 𝐮 and
pore pressures 𝑝 as the primary variables. The first equation is the conservation of linear momentum for the
mixture:
𝛁 ⋅ 𝛔′ + 𝛁𝑝 + 𝜌𝐠 = 𝟎,

(1)

where 𝑝 is the pore pressure, 𝛔′ is the effective stress, 𝐠 is the vector of gravitational acceleration, and 𝜌 is the

saturated density of the mixture defined by
𝜌 = 𝑛𝜌w + (1 − 𝑛) 𝜌s ,

(2)

where 𝑛 is the porosity of soil, and 𝜌w and 𝜌s are the phase densities of water and soil grains, respectively.
The second equation is the conservation of fluid mass or storage equation:
𝑛
𝑝̇ − 𝜀̇𝑣 − 𝛁 ⋅ 𝐪 = 0,
𝐾w

(3)

where 𝐾w is the fluid bulk modulus, 𝜀̇𝑣 = 𝛁 ⋅ 𝐮̇ is the volumetric strain rate,and 𝐪 is the Darcy velocity given by
Darcy's law:
𝐪 = −

𝑘
𝜌w 𝑔

(𝛁𝑝 − 𝜌w 𝐠),

(4)

where 𝑘 is the hydraulic conductivity.
Any constitutive model can be used to describe the relation between effective stress and strain. An isotropiclinear
elastic material is used in this paper.
The fully coupled implicit system of equations
The linear momentum conservation equation (1) is discretised as the original MPM. The deforming body is
discretised as material points. The equation is multiplied by a test function and integrated over the domain. The
mass matrix is diagonally lumped, and the standard linear shape functions are used. The storage equation (3) is
discretised with piecewise constant test and shape functions, which is equivalent to FVM. Then semi-discretised
system of equations is as follows:
𝟎
[
𝐐2

𝐅
𝟎 𝐮̇
−𝐊 𝐐1 𝐮
] [ ] = [𝐅 ext ],
][ ] + [
𝐂 𝐩̇
𝟎
𝐓 𝐩
ext,w

(5)

where 𝐐2 = 𝐐1T are the coupling matrices, 𝐂 is the fluid compressibility matrix, and 𝐓 is the transmissibility
matrix.
The simple backwards Euler scheme is applied as the time integration method. The time derivatives of the
variables are approximated by 𝐩̇ ≈ (𝐩𝑛+1 − 𝐩𝑛 )⁄Δ𝑡 and 𝐮̇ ≈ (𝐮𝑛+1 − 𝐮𝑛 )⁄Δ𝑡 , where superscripts 𝑛 and 𝑛 + 1
denote values at times 𝑡 and 𝑡 + Δ𝑡 , respectively. After multiplying the second row of the fully discretised
Equation (5) with Δ𝑡 and moving all known quantities to the right hand side, gives the fully coupled implicit
system of equations as
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𝐅ext
−𝐊
𝐐1
𝐮𝑛+1
[
] [ 𝑛+1 ] = [
].
Δ𝑡𝐅ext,w + 𝐂𝐩𝑛
𝐐2 𝐂 − Δt 𝐓 𝐩

(6)

The grid is reset at the beginning of each time step 𝑛. Consequently, the displacements 𝐮𝑛 = 𝟎.
The iteratively coupled implicit system of equations
White, Castelletto and Tchelepi (2016) showed that the fixed-stress operator split as presented by Kim, Tchelepi
and Juanes (2011) is equal to applying an upper triangular block preconditioner such as
−𝐊 𝐐1
𝐏=[
]
𝟎 𝐒̃𝐴

(7)

to the fully coupled system in Equation (6). This results in a triangular preconditioned Richardson iteration system
[

𝟎
−𝐊 𝐐1 𝐮𝑘+1
=
]
[
]
[
−𝐐2
𝟎 𝐒̃𝐴 𝐩𝑘+1

𝟎
𝐅ext
𝐮𝑘
1
+
]
[
]
[
],
𝑘
𝐌 𝐩
Δ𝑡𝐅ext,w + 𝐂𝐩𝑛
𝐾w p

(8)

where superscripts 𝑘 and𝑘 + 1 indicate the iteration number at time step 𝑛 + 1, and the Schur complement
approximation is
𝐒̃𝐴 = 𝐂 − 𝚫𝑡 𝐓 +

1
𝐌
𝐾w 𝑝

(9)

where 𝐌𝑝 is a diagonal matrix with the cell volume on its diagonal. The advantage of the system in Equation (8)
to the fully implicit system in Equation (6) is that it can be easily solved by first solving for pore pressures and
then the displacements without the need to invert the large block coefficient matrix.
The Schur complement 𝐒̃𝐴 is a sparse symmetric positive-definite matrix. The conjugate gradient method can
therefore be applied when solving the second row of Equation (8).
LARGE DEFLECTION OF A POROELASTIC BEAM
A poroelastic beam subject to a distributed load is modelled to verify that the proposed method can model coupled
flow large deformation problems. Two-way coupled flow and displacements is when the displacements affect the
pore pressure and that the pore pressure affects the displacements. Pore pressures should be generated in the beam
due to the bending moment generated by the applied load. In addition, the beam deflection should increase further
as the initial pore pressures dissipate.
Model setup
A cantilever poroelastic beam is modelled. The length of the beam 𝐿 = 1 m in the 𝑥-direction, with height ℎ =
0.3 m in the 𝑦-direction, and depth 𝑑 = 0.1 m in the 𝑧-direction. The end at 𝑥 = 0 m is fixed and the end at
𝑥 = 𝐿 is free to bend and move. The flow boundary conditions are permeable at 𝑥 = 0 m and 𝑥 = 𝐿, while the
remaining sides of the beam are impermeable.
The material is a fully-saturated, isotropic linear elastic material. The stiffness moduli are 𝐾 = 3,333 333 MPa
and 𝐺 = 5 MPa. The poroelastic properties are: hydraulic conductivity 𝑘 = 10−4 m/s, bulk modulus of water
𝐾w = 2.2 GPa, and initial porosity 𝑛 = 0.4. The water density is 𝜌w = 1 000 kg/m3 and the saturated density
𝜌 = 2 000 kg/m3.
The applied distributed load is 𝑞 = 54 kPa. The load 𝑞 is applied along the top side of the beam, starting from
position 𝑥 = 0.05 m running until the free end at 𝑥 = 𝐿. The load 𝑞 is applied as fast as possible, which in this
case is at 𝑡 = 0.06 s. The size of the time step was chosen to be Δ𝑡 = 2 ⋅ 10−2s to minimise initial oscillations
in pore pressure response.
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The computational grid is defined with Δ𝑦 = Δ𝑥 = 0.015 m and only 1 cell in the out-of-plane 𝑧-direction. The
total grid size of 𝑦 = 1.2 m, 𝑥 = 1.5 m and 𝑧 = 0.1 mgives a total of 8000 cells, of which 1407 cells contain the
beam material at initialisation. In each cell 2 × 2 × 1 particles are initialised in 𝑥 -, 𝑦 -, and 𝑧 -direction,
respectively. This gives 4 particles per cell. Not all cells were fully filled with particles at creation. A total of 5320
particles were created in the domain.

Figure 1 Material point pore pressure distribution in the poroelastic beam subject to a distributed load of q=54 kPa. Pore
pressures are in Pascal, with suction negative. Time is in seconds.

Results and discussion
Figure 1 shows the pore pressure generation and dissipation in time in the poroelastic beam. First, notice from
Figure 1 (b) that the bending moment generates pore pressures in the poroelastic beam. There is suction in the
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upper part of the beam that experiences stretching, and there is pressure in the lower part of the beam that
experiences compression, see Figures 1 (b) to (c). This is physically viable. Figures 1(c) to (f) show the pore
pressure dissipation process. Figure 1 shows that the proposed method generates pore pressures based on
displacements and dissipates the pore pressures while maintaining the largely deformed state. The pore pressures
are dissipated in both the axial and the transverse directions. Furthermore, in Figure 1(f) the boundary conditions
give a pore pressure distribution similar to the pore pressure distribution of the one-dimensional two-way drainage
consolidation problem. However, the pore pressures in the beam at the end of the simulation are in suction
because the distributed load is applied in the negative Cartesian y-direction which causes the beam to stretch.
Overall, the physics of the simulations seems correct.

Figure 2 Deflection curves of the poroelastic beam at various simulation times. Time is in seconds, length is in metres.

The beam deflection curves at various time intervals are shown in Figure 2. In theory, the initial deflection of the
beam should correspond to the linear elastic quasi-static solution of beam bending. However, as seen in Figure2,
there is a small deviation from the analytical solution, though only in the curvature. This may be due to EulerBernoulli beam theory which disregards shear deformations. After the initial deflection, there is an additional
increase in deflection plotted in Figure 2. The load has already been applied and a displacement has already
resulted from that load, as discussed in the previous paragraph. Therefore, the additional deflection stems from the
pore pressure dissipation. The beam will give a softer response as pore pressures decrease. From Figure 2, there is
very little change in deflection between t = 0.6 s and t = 1.2 s. However, Figure 1 e) shows the pore pressure
distribution in the beam at 𝑡 = 0.6 s, but all pore pressures have not dissipated yet. Consequently, the maximum
deflection is obtained when the pore pressures are approximately equal along the beam cross-section. Overall,
Figure 2 shows that the pore pressure cross-sectional distribution influences the displacement response.
CONCLUSION
An iteratively coupled implicit MPM-FVM has briefly been presented. Then, the proposed method has been
applied to a poroelastic beam subject to a distributed load that gives a large deflection. The results indicate that the
proposed method is able to model large deformations that also include cell-crossing of particles, and model twoway coupled flow and displacements.
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