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ABSTRACT 

The stepped spillway, which is a form of spillway with high energy dissipation, is widely used in water conservancy buildings 

such as reservoirs. The large deformation problem of free surface and the fragmentation of water flow have always been the 

difficulty of spillway research. Especially when the water flows through the steps, the turbulence of the flow becomes more 

intense, while the free surface with unclear boundaries appears due to the air inhalation. The simulation in this paper is based 

on the weak compressible SPH method. The gas-liquid SPH is applied by adding a background pressure term and the simulate 

cohesion for the correction of light-weight interactions. By comparative analysis, flow types and profile of  velocity and 

pressure are discussed by adding results from the single phase SPH and experiments. The results show that the accuracy of the 

gas-liquid SPH method simulation is higher than that of the single-phase simulation, while the flow can be more realistically 

reflected. The applicability and superiority of gas-liquid SPH in the simulation of low-head stepped spillway flow are further 

verified. 
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INTRODUCTION 

In many Large deformation of free surface, the free surface is rolled up, which causes the liquid to get caught in 

the bubble. The dynamic effects of these bubbles have a significant impact on flow morphology and pressure 

distribution. The stepped spillway is a long-standing high-energy spillway which is widely used in water 

conservancy buildings such as reservoirs. When the water flows through the steps, the turbulence of the water flow 

is more severe, and the gas is fully aerated. Therefore, the impact on air must be considered when simulating the 

flow of a vigorous aerated water stream. 

Smooth Particle Hydrodynamics (SPH) is a pure Lagrangian meshless method and it does not need Spatial 

dispersion. Therefore, it has a unique advantage in simulating the problem of large deformation of free surfaces. It 

does not deform the mesh due to the large deformation of the free surface like the mesh method, which makes 

calculations produce large errors. In the process of discretizing a problem in SPH method, particles represent 

material points with specific physical parameters.  So as long as the interaction between the particles can be 

correctly handled, the interface between different substances can be clearly distinguished by the distribution of the 

movement of the particle points in the model. At present, the existing researches on multiphase flow mainly based 

on SPH method are: Monaghan [1-2] studied the gas-dust two-phase motion in volcanic eruptions. Cleary [3] studied 

the heat transfer problem of multiphase materials. Colagrossi et al. [4] studied the two-phase high-density ratio flow 
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problem, etc. Based on the two-dimensional two-phase instantaneous dam failure problem proposed by Colagrossi 

et al. [4], after two-phase SPH calculation model is verified by two-dimensional dam calculation example, the two-

phase SPH model is used to simulate the stepped spillway water flow process in low-head condition.  

SPH FORM OF GOVERNING EQUATION 

According to the particle approximation process of SPH, the inviscid fluid motion control equation can be written 

as follows [5,6]: 

𝐷𝜌𝑎

𝐷𝑡
=𝜌𝑎∑

𝑚𝑏

𝜌𝑏
𝒖𝑎𝑏∙∇𝑎𝑊𝑎𝑏

𝑁
𝑏=1                                (1) 

𝐷𝒖𝑎

𝐷𝑡
=−∑ 𝑚𝑏(

𝑝𝑎

𝜌𝑎
2+

𝑝𝑏

𝜌𝑏
2+∏𝑎𝑏)∇𝑎𝑊𝑎𝑏+g

𝑁
𝑗=1                          (2) 

𝑑𝒓𝑎

𝑑𝑡
=𝒖𝑎                                      (3) 

Where∇𝑎𝑊𝑎𝑏≡∇𝑟𝑊(|𝒓−𝒓𝑏|,ℎ)|𝒓=𝒓𝑎 𝑊(𝐫−𝐫′,ℎ)  means kernel function, ∏𝑎𝑏 is artificial adhesive. 𝒖𝑎𝑏=

𝒖𝑎−𝒖𝑏 represents velocity. 𝒓𝑎 means the particle coordinate and h is the smooth length. 

In the simulation of the two-phase dam-break problem, we select the state equation of the water by Monaghan [7] 

when simulating the flow with free surface: 

𝑝=𝐵((
𝜌

𝜌0
)
𝛾

−1)                                  (4) 

Where ɔ is a constant, ɔ = 7 in water, 𝜌0=1000, γ = 1.4 in air, 𝜌0=1.29. B is a parameter depending on a specific 

problem, B is used to limit the maximum amount of changed density varies and makes this change within 1% of ρ0. 

The value of general B is obtained by B=𝜌0𝑐0
2/𝛾 , where the value of 𝑐0  should be more than 10 times the 

maximum velocity of the fluid. 

In the two-phase flow model, the difference in density between two-phase materials in the problem domain is 

large. It is difficult to effectively simulate the problem by using the equation of state of free-flowing water. Therefore, 

according to the literature [8,9], in order to prevent the tensile instability caused by the negative pressure and to ensure 

the clarity of the interface, the equations of state of the water phase and the gas phase are: 

𝑝=𝐵((
𝜌

𝜌0
)
𝛾

−1)+𝜒                                  (5) 

𝑝=𝐵((
𝜌

𝜌0
)
𝛾

−1)+𝜒−𝛼𝜌2                               (6) 

Where 𝜒 means background pressure term. The value of 𝜒 is to ensure that the pressure of the fluid in the flow 

field is not negative, in order to avoid stretching instability. −𝛼𝜌2 in equation (6) simulates the cohesion of the gas 

and it is also a van der Waals (VDW) correction term[4]. 𝛼=
𝛼

𝑚2
, α is the VDW parameter, which usually takes a 

value of 2. The last term applies only to the gas state equation, which effectively avoids the calculation of early 

collapse and avoids particles with lower density from escaping the problem domain. 

MODEL VERIFICATION 

Two-dimensional dam-break problem and bubble rise problem are classic problems of two-phase flow 
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verification. The data selected in this paper is based on the data simulated by Colagrossi et al. [4]. The initial model 

parameters are as follows: The density ratio of the two fluids is 𝜌𝑌 𝜌𝑋=0.001⁄ , only considering the motion of the 

fluid without considering the internal factors of the dam. H=0.6m L̆/H=2 D̆/H=3 d̆/H=5.366. The model is shown 

in Figure 1. The parameters in the equation of state are: 𝐵𝑋/(𝜌𝑋gH)=17.4̆ γ𝑋=7̆ 𝐵𝑋=𝐵𝑌 ,γ𝑌=1.4 . The 

corresponding speed of sound is 𝐶𝑠,𝑋 (gH)
12⁄⁄ =10.9 ̆ 𝐶𝑠,𝑌 (gH)

12⁄⁄ =155. 1860 water points, 12540 air points and 

1632 boundary particles were arranged in the calculation. The smooth length of the particle is 2.69×

10−2, δt(gh⁄)12⁄ =4.51×10−4. 

 

Figure 1  Schematic diagram of the geometric parameters of the initial time calculation domain 

 

Figure 2 shows the simulation study by Colagrossi et al. [4], which shows the global development of the fluid flow 

for 𝜌𝑌 𝜌𝑋=0⁄  (the free-surface case), 𝜌𝑌 𝜌𝑋=0.001⁄  (air-water case), from left to right, respectively (Fig 2-a and 

Fig 2-b). Figure 2-c is the flow state of the two-phase dam break simulated in this paper. It can be seen from Fig. 2 

that the simulation results truly reflect the state of the two-phase material flow, and the motion state and deformation 

can be clearly reflected. The comparison results show that the simulation results of the SPH two-phase flow model 

are basically consistent with the calculation results of the literature. It has a good anastomosis before t(gh⁄)12⁄ =

4.81, after which the fluid flow state is still very consistent with the literature results, just a little change in form. 

SIMULATION OF SPILLWAY WATER FLOW 

In this paper, the single-phase and two-phase SPH calculations are used to simulate the flow process of the stepped 

spillway and the calculation results are compared. 

The spillway test model includes the reservoir, the inlet section of the open weir, the sump with the force-reducing 

sill, and the downstream including the stilling pool and the apron. The model is shown in Figure 3. The test model 

is based on the Dahua Reservoir and is made at a ratio of 1:40. The spillway flow rate of the spillway model is 

Q=48.43m3/s, the width is B=21m, and the head on weirs is h=1.2m. The slope of the test model is α = 33.69 °. The 

test model is designed according to the gravity similarity criterion. The test model parameters are shown in Table 1. 
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Figure 2 Dam-break flows and impact against a vertical wall. From left to right (Figure 2-a to Figure 2-

b), 𝜌𝑌 𝜌𝑋=0⁄ ,0.001,respectively. Figure 2-c is the result of numerical simulation. 

Table 1  Test model parameters 

Ratio scale 40 

Flow ratio 10119.289 

Flood discharge flow 0.00479m2/s 

Width 0.525m 

Water depth on weir 0.03m 

Step width 0.045m 

Step height 0.030, 

Number of steps 26 
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Figure 3  Test model 

The simulation in this paper converts it into a single-width two-dimensional model for numerical simulation, 

which can greatly reduce the number of model water-gas particles. The simulation model is constructed in a ratio 

of 1:1 to the experimental model. The geometric parameters of the stepped spillway are as shown in Table 2 above, 

the numerical model is shown in Figure 4. In the calculation, the still water depth and the water head are both 0.33 

m, the initial position of the push plate is x0=0.05 m, and the length of the push paddle is 0.33 m. The time 

advancement in the calculation uses the Verlet algorithm, and the remaining parameters are shown in Table 2. When 

analyzing the simulation results, the single-phase SPH model result data [10] can be directly compared with the two-

phase SPH simulation results. (The ratio of the single-phase SPH model in this paper is 1:10. When comparing data, 

it is converted to a ratio of 1:40 for comparison) 

 

Figure 4  Numerical model of stepped spillway 
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Table 2  Parameter settings 

Fluid particle 
water points 6710, 

air points 60908 

Boundary particle 55962 

Push paddle particle 170 

Initial spacing 0.01 

Initial time step 1¦10-5s 

CFL 0.1 

Smooth length 1.414¦10-2m 

Artificial viscosity 0.03 

Time of simulation 15s 

Number of step 1¦106̂step̃ 

 

We set 32 cores, using cluster to calculate, and calculate the length of time is about 22 hours. 

Flow state analysis 

Numerical simulation of the flow pattern of the stepped spillway is shown in Figure 5 to Figure 8. It can be seen 

from the above figure that the water flow is smoothly overflowed in the overflow transition section; in the stage, 

the water flow picking phenomenon occurs. From the results of the two simulations, Before the flow of water does 

not enter the stage, the simulation results of the single-phase model are basically the same as those of the two-phase 

model. It can be seen that the influence of air on the water flow is very small when the water flow is not aerated. 

When the water flow enters the stage, the results of the single-phase model simulation and the simulation results of 

the two-phase model are significantly different. The single-phase model has a serious splash of water particles, 

which is splashed at the first step and dispersed at the downstream. There are fewer particles on the steps, and some 

of the steps have no water particles. In the two-phase model, the phenomenon of water particle splashing in the 

single-phase model is weakened by the presence of air, and the water particle distribution at the step is also greatly 

improved. Therefore, two-phase model is effective for simulating the flow of the spillway. 

 

 

 

Figure 5  Flow state at t = 1.2s (Two-phase simulation, single-phase simulation, two-phase step water flow details, the 

same below) 
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Figure 6  Flow state at t = 2s 

 

 

 

 

Figure 7  Flow state at t = 8s 
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Figure 8  Flow state at t = 14.98s 

 

 

Analysis of speed results 

From the weir to the transition, the flow rate gradually increases; at the stage, the water particles splash and the 

flow rate is unstable. In the model, 8 measurement sections are selected on the steps. Then compare the model 

results at the same location, Table 3. The flow rate comparison analysis is shown in Figure 9. 

Table 3  Flow rate comparison 

Position 
Measuring 

point 
Exp 1p-SPH 2p-SPH 

Relative 

error1 

Relative 

error2 

Stage 

Number 

Step 1 1.420 m/s 1.365 m/s 1.378 m/s 3.86 % 2.96 % 

Step 3 1.631 m/s 1.726 m/s 1.711 m/s -5.84 % -4.91 % 

Step 7 1.591 m/s 1.520 m/s 1.616 m/s 4.47 % 1.57 % 

Step 10 1.341 m/s 1.506 m/s 1.443 m/s -12.27 % -7.61 % 

Step 15 1.330 m/s 1.398 m/s 1.391 m/s -5.11 % -4.59 % 

Step 19 1.360 m/s 1.685 m/s 1.460 m/s -23.93 % -7.35 % 

Step 22 1.440 m/s 1.395 m/s 1.416 m/s 3.11 % 1.67 % 

Step 26 0.944 m/s 0.986 m/s 1.014 m/s -4.45 % -7.42 % 
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Figure 9  Flow rate comparison analysis 

It can be seen from the above figure that in the test model, in the stage, the flow velocity of the water flow 

decreases first and then increases, and finally becomes stably. In the numerical simulation, the flow velocity change 

trend is basically consistent with the experimental model. In the test model, the maximum flow velocity range is 

from the third step to the seventh step, and the flow velocity is at most 1.631 m/s, which appears on the third step. 

In the numerical simulation, the maximum flow velocity section is from the third step to the seventh step, and the 

maximum flow velocity is 1.711 m/s, which also appears on the third step. The flow rate changes during the stage 

are unstable. However, from the comparison of flow velocity analysis, the error of the single-phase SPH model for 

the simulation of the flow velocity of the spillway is higher than that of the two-phase SPH model, and the two-

phase SPH can better simulate the flow velocity of the spillway. 

Analysis of pressure results 

The test measures the pressure of the stepped spillway. The test method is the piezometric tube method. The test 

measured the steps 2, 9, 15, 21, and 26. Then compare the model results at the same location, Table 4. 

Table 4 Pressure comparison 

Position 
Measuring 

point 
Exp 1p-SPH 2p-SPH 

Relative 

error 1 

Relative 

error 2 

Stage 

Number 

Step 2 -0.004 mH2O -0.006 mH2O -0.00459 mH2O -62.52 % -14.75 % 

Step 9 0.062 mH2O 0.213 mH2O 0.075 mH2O -228.83 % -20.97 % 

Step 15 0.078 mH2O 0.040 mH2O 0.064 mH2O 49.17 % 17.95 % 

Step 21 0.090 mH2O 0.089 mH2O 0.086 mH2O 0.74 % 4.44 % 

Step 26 0.610 mH2O 0.649 mH2O 0.695 mH2O -6.44 % -13.93 % 
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Figure 10 Pressure comparison analysis 

It can be seen from the above figure that the pressure distribution in the stage is unstable, and negative pressure 

occurs in the stage, and the position appears on the second step. In the test model, the maximum pressure appears 

at the 26th step, which is 0.610 m water column; the maximum negative pressure appears at the second step, which 

is -0.004 m water column. The pressure change trend of the two-phase SPH numerical simulation is almost the same 

as the experimental model. The maximum positive pressure is 0.695 m water column; the minimum negative 

pressure is -0.00459m water column. We can see it from Figure 10 that the accuracy of the two-phase SPH for 

pressure calculation is significantly higher than that of the single-phase SPH. 

CONCLUSION 

Through the study of the SPH method, the flow problem of the two-phase medium is effectively simulated. Based 

on the two-phase dam study of Colagrossi, we verified the feasibility of two-phase SPH. Then numerical simulations 

were carried out on the low head stepped spillway. And we compare it with the experimental model and the 

simulation results of single-phase SPH. The flow state, velocity distribution and pressure distribution of the water 

flow were all compared. The results show that the gas-liquid two-phase SPH simulation accuracy is higher than 

single phase. While accurately simulating the water flow, the movement state and deformation of the gas can be 

more realistically reflected. The calculation accuracy for speed and pressure is also higher than the single-phase 

SPH method. The applicability and superiority of gas-liquid two-phase SPH in the simulation of low-head stepped 

spillway flow is further illustrated. 
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